
Useful states and

entanglement disƟllaƟon
arXiv:1701.03081

Felix Leditzky

(JILA & CTQM, University of Colorado Boulder)

Joint work with Nilanjana DaƩa and Graeme Smith

Beyond IID, Singapore, 28 July 2017



Entanglement disƟllaƟon

▶ Entanglement can be used as a resource in

▷ teleporaƟon;
▷ dense coding;
▷ entanglement-assisted classical/private communicaƟon;
▷ ...

▶ Above tasks are usually defined (and easier to perform) with

clean entanglement in the form of ebits |Φ+⟩ ∼ |00⟩+ |11⟩.

▶ However, entanglement resource is usually noisy, i.e., some

mixed biparƟte state ρAB.

▶ Entanglement disƟllaƟon: Convert noisy entanglement into

clean entanglement using local operaƟons (LO) and classical

communicaƟon (CC).
2 / 26



Outline of the talk

1 OperaƟonal seƫng and coding theorems

2 Useful and useless states for entanglement disƟllaƟon

3 Bounding the disƟllable entanglement

4 ExploiƟng symmetries

5 Conclusion and open quesƟon

3 / 26



Table of Contents

1 OperaƟonal seƫng and coding theorems

2 Useful and useless states for entanglement disƟllaƟon

3 Bounding the disƟllable entanglement

4 ExploiƟng symmetries

5 Conclusion and open quesƟon

4 / 26



Entanglement disƟllaƟon using 1-LOCC
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▶ 1-LOCC: LO and one-way (or forward) CC.

▶ CC can always be bundled into a single round.

▶ Relevant scenario because of relaƟon to quantum data

transmission and quantum capacity (more later).

5 / 26



Entanglement disƟllaƟon using 2-LOCC
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▶ 2-LOCC: LO and two-way CC.

▶ r rounds of communicaƟon between Alice and Bob

(r = 2 in the above diagram).

▶ Strictly more powerful than one-way scenario.
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DisƟllable entanglement: OperaƟonal definiƟon

▶ Alice and Bob share n i.i.d. copies of a biparƟte state ρAB.

▶ Goal: DisƟllmn copies of an ebit |Φ+⟩ ∼ |00⟩+ |11⟩.

▶ Final state: σn
A′B′ = Λ(ρ⊗n

AB ), where Λ : AB → A′B′ 1-LOCC or

2-LOCC.

▶ Rate lim
n→∞

mn

n
is achievable, if ∥σn

A′B′ − Φ⊗mn
+ ∥1

n→∞−−−→ 0.

▶ DisƟllable entanglement:

D→(ρAB) = sup{R : R is achievable under 1-LOCC}
D↔(ρAB) = sup{R : R is achievable under 2-LOCC}
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DisƟllable entanglement: Hashing and coding theorem

▶ Hashing bound [Devetak and Winter 2005]:

D↔(ρAB) ≥ D→(ρAB) ≥ I(A⟩B)ρ,

where I(A⟩B)ρ = S(B)ρ − S(AB)ρ is the coherent informaƟon.

▶ Coding theorem [Devetak and Winter 2005]:

For ∗ ∈ {→,↔},

D∗(ρAB) = lim
n→∞

1
n
D(1)
∗ (ρ⊗n

AB ),

where D(1)
∗ (ρAB) := sup

Λ : AB→A′B′
I(A′⟩B′)Λ(ρ) and Λ is 1-LOCC or

2-LOCC.

▶ RegularizaƟon is necessary in general.

▶ ComputaƟon of D∗(·) infeasible in most cases.
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Useful and useless states for 1-LOCC

▶ Hashing bound: D→(ρAB) ≥ I(A⟩B).

▶ Are there states for which this is opƟmal?

−→ degradable states [Devetak and Shor 2005; Smith et al. 2008]

▶ MoƟvaƟon from classical IT (degraded broadcast channels).
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Useful and useless states for 1-LOCC

▶ Degradable states: D(1)
→ (ρAB) = sup

Λ 1-LOCC
I(A′⟩B′)Λ(ρ) = I(A⟩B)ρ

▶ Coherent informaƟon is addiƟve: D(1)
→ (ρ⊗n

AB ) = n I(A⟩B)ρ.

▶ Single-leƩer formula for one-way disƟllable entanglement:

D→(ρAB) = lim
n→∞

1
n
D(1)
→ (ρ⊗n

AB ) = I(A⟩B)ρ.
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Useful and useless states for 1-LOCC

▶ Which states are useless? −→ anƟdegradable states

▶ These states always have I(A⟩B)ρ ≤ 0 and D(1)
→ (ρAB) ≤ 0.

▶ AnƟdegradable states are undisƟllable: D→(ρAB) = 0.

▶ A state is anƟdegradable iff it is 2-extendible.

(∃ρABB′ with B′ ∼= B and ρAB′ = ρAB.) [Myhr 2010]

A

B

E

ρAB

ρAE

|ψ⟩ABE purifies ρAB

A D|ψ⟩ABE

degradable:

∃D : B → E s.t.

ρAE = (idA⊗D)(ρAB)

anƟdegradable:

∃A : E → B s.t.

ρAB = (idA⊗A)(ρAE)
10 / 26



Useful and useless states for 2-LOCC

▶ Hashing bound (using only forward CC):

D↔(ρAB) ≥ D→(ρAB) ≥ I(A⟩B).

▶ Are there states for which this is opƟmal even under 2-LOCC?

−→maximally correlated states [Rains 1999; Rains 2001]

▶ OperaƟonal definiƟon: Any measurement performed by either

Alice or Bob yields idenƟcal outcomes.

▶ For some basis {|i⟩A,B} and a matrix R with R ≥ 0,Tr R = 1,

ρAB =
∑

i, j Rij|i⟩⟨j|A ⊗ |i⟩⟨j|B.

▶ Hashing protocol is opƟmal for maximally correlated states:

D↔(ρAB) = I(A⟩B)ρ = I(B⟩A)ρ.
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Useful and useless states for 2-LOCC

▶ Finally, which states are useless even under 2-LOCC?

−→ states with posiƟve parƟal transpose (PPT)

▶ ParƟal transpose ΓB is defined as

(XA ⊗ YB)ΓB := XA ⊗ YTB (+ linear extension).

▶ A state ρAB is PPT if ρ
ΓB
AB ≥ 0.

▶ PPT states have I(A⟩B)ρ ≤ 0. [Rains 1999; Rains 2001]

▶ They are undisƟllable under 2-LOCC: D↔(ρAB) = 0.

[Horodecki et al. 1998]

▶ Every separable state is PPT, but if |A||B| > 6, there are

entangled PPT states called bound-entangled states.

[Horodecki 1997]
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Useful and useless states for entanglement disƟllaƟon

useful useless

1-LOCC DEG ADG

2-LOCC MC PPT

DEG . . . degradable, ADG . . . anƟdegradable, MC . . . maximally correlated

▶ Picture is not completely symmetric.

▶ We have MC ⊆ DEG.

▶ However, there are bound-entangled PPT states with disƟllable

private key.

▶ Hence, PPT ⊈ ADG.
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Bounding the disƟllable entanglement

▶ Crucial observaƟon:

Regularized quanƟƟes such as D∗(·) are convex on mixtures of

states with addiƟve D∗(·). [Wolf and Pérez-García 2007]

▶ Candidates:

▷ Useful states: D∗(ωAB) = I(A⟩B)ω −→ addiƟve✓
▷ Useless states: D∗(τAB) = 0 −→ addiƟve✓
▷ For ”cross terms” ω⊗m1 ⊗ τ⊗m2 we can ignore useless part.

Main result

Let ρAB =
∑

i piωi +
∑

i qiτi, where the ωi are useful and the τi are

useless. Then,

D∗(ρAB) ≤
∑

i pi I(A⟩B)ωi .
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Finding good decomposiƟons

▶ CauƟon: Do such decomposiƟons always exist? −→ Yes!

▶ Pure states are ...

▷ maximally correlated (by Schmidt decomposiƟon);

▷ degradable (environment is always product).

▶ Hence, every pure-state decomposiƟon of ρAB is a feasible

point for upper bound D∗(ρAB) ≤
∑

i pi I(A⟩B)ωi .

▶ OpƟmum for these: entanglement of formaƟon

EF(ρAB) := inf{px,|ψx⟩AB}
∑

x px S(TrB ψ
x
AB),

where infimum is over {px, |ψx⟩AB} s.t. ρAB =
∑

x pxψ
x
AB.

▶ Hence, D∗(ρAB) ≤
∑

i pi I(A⟩B)ωi ≤ EF(ρAB).
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Finding good decomposiƟons

▶ Challenge: Find good decomposiƟons intomixed states, and

make useless part as large as possible.

▶ 1-LOCC:

▷ Useful = degradable, useless = anƟdegradable
▷ Easy for 2-qubit states:

Every 2-qubit state of rank 2 is either degradable or
anƟdegradable. [Wolf and Pérez-García 2007]

▶ 2-LOCC:

▷ Useful = maximally correlated, useless = PPT
▷ For states block-diagonal in generalized Bell basis:

Algebraic condiƟon whether state is MC.
[Wiegmann 1948; Gibson 1974; Hiroshima and Hayashi 2004]
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Convex roof extensions and symmetries

▶ Let f be a funcƟon defined on a subsetM of all biparƟte states K

(e.g. entanglement entropy S(TrB ·) on pure states).

▶ If convM = K, extend f to all of K by minimizing over average of

f on convex decomposiƟons inM:

f̃(k) := inf {
∑

i pi f(mi) : K ∋ k =
∑

i pimi,mi ∈ M}

▶ For entanglement entropy: entanglement of formaƟon

EF(ρAB) := inf
{px,|ψx⟩AB}

∑
x px S(TrB ψ

x
AB).

▶ If ρ is invariant under some symmetry group G:

f̃ can be computed on those σ ∈ M that ”twirl” to ρ, i.e.,

ρ =
∫
G dμ(g)UgσU†

g. [Vollbrecht and Werner 2001]
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Symmetric states

▶ Our bound can be phrased as a convex roof extension.

▶ For entanglement disƟllaƟon we are interested in local

symmetry groups such as G = {U⊗ Ū : U unitary}.

▶ Isotropic states: invariant under G, parametrized by f ∈ [0, 1] as

Id(f) := fΦ+ + 1−f
d2−1(1d2 − Φ+).

▶ Isotropic state Id(f) is the Choi state of the depolarizing channel

Dp(ρ) = (1− p)ρ+
p
3
(XρX+ YρY+ ZρZ),

where p ∈ [0, 1] and X, Y, Z are the Pauli operators (p = 1− f).

▶ Quantum capacity Q(Dp) is unknown.

(Q(N ) :=max. rate at which entanglement can be generated throughN )

20 / 26



Bounding quantum capacity of depolarizing channel

▶ Dp is teleportaƟon-simulable [BenneƩ et al. 1996], and hence

Q(Dp) = D→(J (Dp)).

▶ If p ≥ 1
4 , then J (Dp) is anƟdegradable, and

D→(J (Dp)) = Q(Dp) = 0.

ApplicaƟon: Upper bound on Q(Dp) for p ∈ [0, 1/4]

Q(Dp) ≤ min {I(A⟩B)ρ : ρAB ∈ DEG, ⟨Φ+|ρAB|Φ+⟩ = 1− p}

▶ Bad news: Non-convex opƟmizaƟon problem, since set of

degradable states is not convex.

▶ Good news: SƟll solvable numerically for d = 2, 3, . . . .
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Upper and lower bounds on Q(Dp)
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Isotropic states and 2-LOCC

▶ In 2-LOCC seƫng, our bound is only as good as the PPT-relaƟve

entropy of entanglement D(ρ∥σ) = Tr(ρ(log ρ− log σ))

EPPTR (ρAB) := min
σ∈PPT

D(ρAB∥σAB).

▶ For isotropic states: [Rains 1999]

D↔(Id(f)) ≤ EPPTR (Id(f)) = log d− (1− f) log(d− 1)− h(f),

ApplicaƟon: AlternaƟve formula for EPPTR (Id(f))

With the Vollbrecht/Werner reducƟon,

EPPTR (Id(f)) = min {I(A⟩B)ρ : ρAB ∈ MC, ⟨Φ+|ρAB|Φ+⟩ = f}.

▶ Similar result for Werner states (with U⊗ U symmetry).
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Conclusion

▶ One-way and two-way disƟllable entanglement D→(·)
resp. D↔(·) are hard to compute in most cases.

▶ Main result: upper bound on D∗(·) in terms of decomposiƟon of

a state into useful and useless states.

▶ Easy to compute in low dimensions and for states with

symmetries.

▶ ApplicaƟon to depolarizing channel: strong upper bound on

quantum capacity in high-noise regime.

▶ 1-LOCC and 2-LOCC seƫng are not really on same fooƟng.

▶ Is there an analogue of Rains’ PPT theory for 1-LOCC?
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