
Debbie Leung

(IQC, UWaterloo)

Graeme Smith

(JILA, CU Boulder)

Dephrasure channel and

superaddiƟvity of coherent informaƟon

Felix Leditzky

(JILA & CTQM, University of Colorado Boulder)

joint work with Debbie Leung and Graeme Smith

arXiv:1806.08327

PRL 121(16), 160501, 2018

SQuInT, Albuquerque, NM

11 February 2019



separate labs

Quantum informa�on transmission

Alice Bob

2 / 27



separate labs

Quantum informa�on transmission

Alice Bob

Reference
3 / 27



separate labs

Quantum informa�on transmission

Alice Bob

Reference
4 / 27



separate labs

Quantum informa�on transmission

Alice Bob

Reference
5 / 27



Depolarizing channel

6 / 27



Outline

1 Dephrasure channel

2 Coherent informaƟon of the repeƟƟon code

3 Private informaƟon transmission

4 Conclusion and open problems

7 / 27



Table of Contents

1 Dephrasure channel

2 Coherent informaƟon of the repeƟƟon code

3 Private informaƟon transmission

4 Conclusion and open problems

8 / 27



Introducing: the dephrasure channel

Dephrasure channel (dephasing + erasure)

For p, q ∈ [0, 1],

Np, q(ρ) := (1− q) [(1− p)ρ+ pZρZ]⊕ qTr(ρ)|e⟩⟨e|.

▶ First dephase the input in Z-basis with probability p, then erase with probability q.

▶ Simple form of complementary channel to environment:

N c
p, q(ρ) = q ρ⊕ (1− q)

∑
x=0, 1

⟨x|ρ|x⟩|φx
p⟩⟨φx

p|

where |φx
p⟩ =

√
1− p |0⟩+ (−1)x

√
p |1⟩. ⟨φ0

p|φ1
p⟩ ̸= 0

▶ Both dephasing and erasure channel are well understood, but taken together

interesƟng things happen.
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AnƟdegradability of dephrasure channel

A channelN is called anƟdegradable, if the environment gets enough informaƟon from

the complementary channel to recover Bob’s output.

A

B

E

N

N c

A

anƟdegradable:

∃A : E → B s.t.

N = A ◦ N c

AnƟdegradable channels cannot

transmit quantum informaƟon

due to no-cloning theorem.

Goal: Determine region of anƟdegradability of dephrasure channelNp,q in (p, q)-plane.
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Single-leƩer coherent informaƟon

▶ Goal: Determine Ic(Np,q) = supψ(S(Np,q(ψA))− S(N c
p,q(ψA))).

▶ Calculus: opƟmal state diagonal in Z-basis, |φ⟩ ∼
√
1+ z |0⟩R|0⟩A +

√
1− z |1⟩R|1⟩A.

▶ Ic(Np,q) = max
z

{
(1− 2q) S

(
(1+z)/2 0

0 (1−z)/2

)
− (1− q) S

(
1−p z

√
p(1−p)

z
√

p(1−p) p

)}

▶ PosiƟve for all q ≤ (1− 2p)2

1+ (1− 2p)2
.
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Single-leƩer coherent informaƟon

Ic(Np,q) = max
z

{
(1− 2q) S

(
(1+z)/2 0

0 (1−z)/2

)
− (1− q) S

(
1−p z

√
p(1−p)

z
√

p(1−p) p

)}
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Ic(Np,q) = 0

anƟdegradable

Ic(Np,q)maximized

by z = 0

Blue region:

Ic(Np,q)maximized by z ̸= 0.

Look for superaddiƟvity here!
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SuperaddiƟvity of coherent informaƟon

▶ First thing to try... weighted repeƟƟon code: For λ ∈ [0, 1],

|φn⟩RAn =
√
λ |0⟩R|0⟩⊗n

A +
√
1− λ |1⟩R|1⟩⊗n

A

▶ For n = 1, this is the opƟmal single-leƩer code (λ = (1+ z)/2).

▶ N⊗n
p,q = ((1− q)Zp + qTr(·)|e⟩⟨e|)⊗n:

sum of channels of the form Z⊗k
p ⊗ (Tr(·)|e⟩⟨e|)⊗n−k.

▶ Coherent informaƟon splits up into different erasure paƩerns, since

S(
⊕

i piρi) =
∑

i piS(ρi) + H({pi}).

▶ RepeƟƟon code: all parƟal erasures cancel, compute acƟon of Z⊗n
p on φn.
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SuperaddiƟvity of coherent informaƟon

▶ Formula for repeƟƟon code (φn = φn(λ)):

Ic(φn,N⊗n
p,q ) =

max
λ

{
((1− q)n − qn) h(λ)− (1− q)n

(
1− u artanh u− 1

2 log
(
1− u2

))}
.

▶ u = u(λ, p, n) =
√

1− 4λ(1− λ)(1− (1− 2p)2n).

▶ Binary entropy: h(λ) = −λ log λ− (1− λ) log(1− λ).

▶ Threshold of Ic(φn,N⊗n
p,q ) is the same for all n ∈ N: q =

(1− 2p)2

1+ (1− 2p)2
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SuperaddiƟvity of coherent informaƟon

Plot for n = 2, 3 of the non-negaƟve part of 1
n max

λ
Ic(φn,N⊗n

p,q )− Ic(Np, q)

q = 3p

n = 2
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SuperaddiƟvity of coherent informaƟon

Plot for n = 4, 5 of the non-negaƟve part of 1
n max

λ
Ic(φn,N⊗n

p,q )− Ic(Np, q)

q = 3p

n = 4

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

p

q

0 1 2 3 4 · 10−4

n = 5

0 0.1 0.2 0.3 0.4 0.5
0

0.1

0.2

0.3

0.4

0.5

p
q

0 0.5 1 1.5

18 / 27



SuperaddiƟvity of coherent informaƟon

Plot for 1
nIc(φn,Np,3p) along diagonal (p, 3p)
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SuperaddiƟvity of coherent informaƟon

▶ We also found more elaborate, non-diagonal codes achieving superaddiƟvity, e.g.:

|χ3⟩ := |00⟩R ⊗ |00⟩ ⊗ |ψ1⟩+ |11⟩R ⊗ |11⟩ ⊗ |ψ1⟩
+ |01⟩R ⊗ |01⟩ ⊗ |ψ2⟩+ |10⟩R ⊗ |10⟩ ⊗ X|ψ2⟩,

for some pure states |ψi⟩.

▶ We also found good codes using a neural network state ansatz, outperforming all

other codes. SQuInT Poster #33, [Bausch, FL; arXiv:1806.08781]

▶ Haven’t found codes increasing the single-leƩer threshold yet.

▶ Not clear whether opƟmal codes for n ≥ 2 are diagonal in Z-basis (true for n = 1).
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Private informaƟon transmission

▶ Private capacity P(N ): highest rate of faithful private classical communicaƟon

between Alice and Bob, [Devetak 2005]

P(N ) = sup
n∈N

1
nIp(N

⊗n),

with the private informaƟon Ip(N ) := max
{px,ρx}

[I(X; B)N (ρ) − I(X; E)N c(ρ)].

▶ Private informaƟon can also be superaddiƟve, 1
nIp(N

⊗n) > Ip(N ). [Smith et al. 2008]

▶ Quantum informaƟon transmission is necessarily private:
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SeparaƟon of private and coherent informaƟon

▶ Numerical invesƟgaƟons suggest the following private ensemble E is opƟmal:

p1 = 1
2 , ρ1 = λ|+⟩⟨+|+ (1− λ)|−⟩⟨−| |±⟩ = 1√

2
(|0⟩ ± |1⟩)

p2 = 1
2 , ρ2 = λ|−⟩⟨−|+ (1− λ)|+⟩⟨+|
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SeparaƟon of private and coherent informaƟon

▶ SuperaddiƟvity of private informaƟon? Ip(N⊗n
p,q ) > nIp(Np,q)?

▶ SeparaƟon of capaciƟes? P(Np,q) > Q(Np,q)?

0.08 0.1 0.12

0

0.1

0.2

p

Ic(Np,3p)

Ip(E,Np,3p)

23 / 27



Table of Contents

1 Dephrasure channel

2 Coherent informaƟon of the repeƟƟon code

3 Private informaƟon transmission

4 Conclusion and open problems

24 / 27



Conclusion

▶ SuperaddiƟvity is a poorly understood phenomenon.

▶ Boosts communicaƟon rates.

▶ Renders quantum channel capaciƟes intractable to compute.

▶ Dephrasure channel: Np,q(ρ) = (1− q) [(1− p)ρ+ pZρZ] + qTr(ρ)|e⟩⟨e|.

▶ ParƟcularly simple channel exhibiƟng substanƟal superaddiƟvity.

▶ Excellent toy model to study superaddiƟvity and quantum channel capaciƟes.
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Open quesƟons

▶ New codes to increase threshold of single-leƩer and repeƟƟon codes?

▶ Are Z-diagonal codes opƟmal (mulƟ-leƩer)?

▶ What is the opƟmal private ensemble (single-leƩer)?

▶ SuperaddiƟvity of private informaƟon?

▶ SeparaƟon of quantum and private capaciƟes?

▶ What about other capaciƟes of the dephrasure channel (e.g. assisted capaciƟes)?

26 / 27



References

Bausch, J. and F. Leditzky (2018). arXiv preprint. arXiv: 1806.08781 [quant-ph].
Devetak, I. (2005). IEEE TIT 51.1, pp. 44–55. arXiv: quant-ph/0304127.
Devetak, I. and A. Winter (2005). Proc. Royal Soc. A: Math., Phys. and Eng. Sci. 461.2053, pp. 207–235. arXiv: quant-ph/0306078.
DiVincenzo, D. P., P. W. Shor, and J. A. Smolin (1998). Physical Review A 57.2, p. 830. arXiv: quant-ph/9706061.
Fern, J. and K. B. Whaley (2008). Physical Review A 78.6, p. 062335. arXiv: 0708.1597 [quant-ph].
Horodecki, K., M. Horodecki, P. Horodecki, and J. Oppenheim (2005). Physical Review LeƩers 94.16, p. 160502. arXiv: quant-ph/0309110.
Leditzky, F., D. Leung, and G. Smith (2018a). Physical Review LeƩers 120.16, p. 160503. arXiv: 1705.04335 [quant-ph].
— (2018b). Physical Review LeƩers 121.16, p. 160501. arXiv: 1806.08327 [quant-ph].
Leung, D., K. Li, G. Smith, and J. A. Smolin (2014). Physical Review LeƩers 113.3, p. 030502. arXiv: 1312.4989 [quant-ph].
Lloyd, S. (1997). Physical Review A 55.3, p. 1613. arXiv: quant-ph/9604015.
Shor, P. W. (2002).MSRI Workshop on Quantum ComputaƟon. Berkeley, CA, USA.

Smith, G. and J. A. Smolin (2007). Physical Review LeƩers 98.3, p. 030501. arXiv: quant-ph/0604107.
Smith, G., J. M. Renes, and J. A. Smolin (2008). Physical Review LeƩers 100.17, p. 170502. arXiv: quant-ph/0607018.
SuƩer, D., V. B. Scholz, A. Winter, and R. Renner (2017). IEEE TIT 63.12, pp. 7832–7844. arXiv: 1412.0980 [quant-ph].

Thank you for your aƩenƟon!

27 / 27

http://arxiv.org/abs/1806.08781
http://arxiv.org/abs/quant-ph/0304127
http://arxiv.org/abs/quant-ph/0306078
http://arxiv.org/abs/quant-ph/9706061
http://arxiv.org/abs/0708.1597
http://arxiv.org/abs/quant-ph/0309110
http://arxiv.org/abs/1705.04335
http://arxiv.org/abs/1806.08327
http://arxiv.org/abs/1312.4989
http://arxiv.org/abs/quant-ph/9604015
http://arxiv.org/abs/quant-ph/0604107
http://arxiv.org/abs/quant-ph/0607018
http://arxiv.org/abs/1412.0980

	Dephrasure channel
	Coherent information of the repetition code
	Private information transmission
	Conclusion and open problems
	References

